In this paper we show that ladder determinantal rings are normal. In the case of a ladder determinantal ring associated with a one-sided ladder, we compute the divisor class group, the canonical class, and we obtain a characterization of the Gorensteinness in terms of the shape of the ladder.
Introduction
Let K be a field, and X = (Xij) an m x n matrix of indeterminates. A subset Y of X with shape as in Fig. 1 is called a ladder. One defines Z,(Y) to be the ideal generated by all the t-minors of X which involve only indeterminates of Y. The ring R,(Y) = K [ Y]/1,( Y) is called a ladder determinantal ring. Narasimhan proved that R,(Y) is a domain using the fact that the set of the t-minors of X is a Griibner basis of the ideal I,(X), [ 111. In [S] , Herzog and Trung proved the ideal of the leading terms of Z,(Y), with respect to a suitable term order, is the square-free monomial ideal associated with a shellable simplicial complex. This result implies the Cohen-Macaulayness of R,( Y). As we shall see, Griibner bases play a role also in the proof of normality of R,(Y).
In Section 1 we introduce definitions and notation. In Section 2 we deal with the ring R2( Y). We use localization tricks in order to show that R,(Y) is a normal domain and to compute its divisor class group and its canonical class. It should be noted that part of the results of this section are covered by results of Hibi [9] and Hashimoto et al. [S] .
In Section 3 we show that ladder determinantal rings are normal domains. First we show that every ladder determinantal ring is intersection of ladder determinantal rings associated with ladders with only one inside corner, see Fig. 3 . Then for these ladders we deduce the desired result from the normality of classical determinantal rings.
In the last section we restrict our attention to one-sided ladders, see Fig. 2 . For these ladders we get nice localizations. It turns out that, after inversion of a certain (t -1)-minorfof Y, the ring R,(Y) becomes regular. Therefore the divisor class group of R,(Y) is generated by the minimal prime ideals off: Our approach to compute the minimal prime ideals off is based again on the knowledge of the Grobner bases of certain ideals of minors. In order to compute the divisor class group and the canonical class of R,(Y) we argue as in the case of the classical determinantal rings [2, Section S] . We use suitable localizations which allow the reduction to the case of the 2-minors. We get the following result.
Theorem. Let Y be a one-sided ladder with k inside corners and t E IQ, with t > 1. 
Notations
Let K be a field, and let X = (Xij) be an m x n matrix of indeterminates over K. Denote by K[X] the polynomial ring K[Xij: 1 I i I m, 1 I j I n] and denote by Cal, . . . . a,lbI, . . . . b,] the t-minor det(X,,,) of X. Here we always assume that 1 Ia1 < ... c a, I m and 1 I bl < a.. < b, < n. We define the main diagonal of Cal, . . . . a,lbI, . . . , b,] to be the set {Xalbz, . . . , Xatb,}. The main diagonal of a t-minor of X or the product of the elements of the main diagonal of a t-minor is called a t-diagonal of X.
In Note that the leading term of a minor with respect to r is the corresponding t-diagonal. The set of all the t-minors of X is a Grobner basis of I,(X) with respect to r, see [ll, Corollary 3.11 or [13, Theorem 11 . Moreover the set of the t-minors of Y is a Grobner basis of Z,(Y) with respect to r [l 1, Corollary 3.41. Herzog and Trung gave also a characterization of the dimension and multiplicity of R,(Y) in terms of the "shape" of Y [8, Corollaries 4.7 and 4.81.
Note that in general R,(Y) is not an ASL (in a natural way as subring of R,(X)), but R2( Y) is an ASL on the poset Y [9] .
We identify the indeterminates of X with the points of the set {(i,j) E N': 1 I i I m, 1 ~j I rr> in the plane. Similarly we identify ladders with subsets of points. If X we introduce two partial orders I and 5. We define andjsk.
It is clear that X is a distributive lattice with respect to both partial orders. Further a subset Y of X is a ladder if and only if it is a sublattice of X with respect to 5. Since we are interested in the study of the ring R,(Y) we may assume that We say that a ladder is a one-sided ladder if it has no inside lower corners (or no inside upper corners), see Fig. 2 . We say that a ladder is a one-sided one-corner ladder if it has no inside lower corners and one inside upper corner (or no inside upper corners and one inside lower corner), see Fig. 3 .
The case of the 2-minors
In this section we study the ring R,(Y) = K[Y]/Z,(Y) where K is a field and Y a connected ladder. We show that R,(Y) is a normal domain and that its divisor class group is free of rank c + 1, where c is the number of the inside corners of Y. Then we compute the canonical class, the class of the canoncial module in the divisor class group, and we give a necessary and sufficient condition for the Gorensteinness of R,(Y) in terms of the shape of Y. The results of Hibi [9] and Hashimoto et al. [6] concerning the ASL domain associated with a distributive lattice cover part of our results. However, we include the proofs because they are different from the ones in [6, 9] , and because we need two steps of the proofs in later sections.
Throughout this section we fix a connected ladder Y and we keep the notation of For all i = 1, . . . , h + 1, we denote by Ii the set {j: 1 I j 5 k, Si I Tf}. Of course Ii can be empty, but if it is not empty is an interval, that is Ii = {j: ji I j I ji}. Note also that for all j = 1, . . . Proof. In this proof we use several times the following fact. Let S be a ring and A4 an S-module; if Ni, IV*, N3 are submodules of M and Nz c N1, then N1 n (N2 + N3) =
N2 + WI n&).
First we discuss the case Ii = 0. We have to show that Qi n Qj = (XsJ + Z2( Y). We have Of course the results of the previous proposition hold also if we localize with respect to the powers of the residue classes of indeterminates in the upper outside corners, we have only to choose the right B, B1 and Y1.
We are ready to show that R,(Y) is normal and to compute its divisor class group. For the theory of divisorial ideals and divisor class group we refer the reader to [4] . We denote by Cl(S) the divisor class group of a normal domain S and by cl(Z) the class in Cl(S) of a divisorial ideal I of S. is of the form g = Ax'$ . ..x'$'., with AEK\(O} and nI, . . . . nh+ 1 E Z. Since the divisors of prime ideals of height 1 are linearly independent in Div(Rz( Y)), the relation (*) is the sum of the relations of type (i) with coefficients ni. Then, using the relation (i), we cancel cl(q;) and we are done. 0 A canonical module of a Cohen-Macaulay ring S is a finitely generated module S-module o such that o, is the canonical module of the local ring S, for all maximal ideals ttt of S. Concerning general facts about the canonical module we refer the reader to [7] . If S is a normal Cohen-Macaulay domain and o a canonical module, then w is isomorphic to a divisorial ideal of S. A canonical class of S is the class in the divisor class group of a divisorial ideal which is a canonical module. Suppose that S is a positively graded K-algebra, S = ejt OSi, with Se = K and denote by m = @i Z 1 S'i its unique maximal homogeneous ideal. Then, by [4, Corollary 10.33, Cl(S) = Cl (S,) . It follows that the canonical module of S is unique up to isomorphisms and it is determinated by the canonical class. The class of q1 is mapped to the class of ql(Y1) the ideal generated by the first row of Y, . The class of pk is mapped to the class of the ideal q; (Y,) generated by the first column of Y,. Since in Cl(R,(Y,)) we have cl(ql(Y1)) + cl(q;(Y,)) + Ci:: Cl(pi(Yl)) = 0, by induction, we deduce that A1 -bk = ck + dk -1 -n. But we know already that 8k = m + 1 -ck -dk and we conclude A1 = m -n. Now suppose h > 0. Again we localize with respect to residue class of outside corner indeterminates and use induction. First we localize with respect to xs, and obtain ~i=Ui+bi_Ui_1_bi_l, for all i=2, . . ..h+l. Then we localize with respect to xSh+, and obtain & = a, + b1 -a0 -bo. Finally, if k > 0, we localize with respect to XT, and obtain 6j = UG + b+ -cj -dj, for all j = 1, . . . , k. 0
Proposition 2.5. The ring R2(Y) is Gorenstein ifund only ifm = n and all the inside corners of Y lie on the main anti-diagonal ofX, that is {(i,j) EX: i + j = m + l}.

Proof. The ring R,(Y) is Gorenstein if and only if cl(w) = 0. Therefore the ring R,(Y)
is Gorenstein if and only if m = n and all the differences listed in Proposition 2.4 vanish. This is the case if and only if m = n and all the inside corners of Y lie on the main anti-diagonal of X. 0
Normality
In this section we prove that ladder determinantal rings are normal domains. We use the knowledge of a GrGbner basis of the ideal I,(Y) to reduce the problem to the case of a ladder determinantal ring associated with a one-sided ladder with only one inside corner.
We fix a ladder Y and we keep the notation of Then we consider Z,(X) is the ideal generated by all the minors of X which are not greater than or equal to 6, see [2] . It is easy to see that the ideal Is(X) is generated by the t-minors of the first 
Divisor class group and Gorensteinness of one-sided ladder determinantal rings
In order to compute the divisor class group and to characterize the Gorensteinness we restrict our attention to the one-sided ladders since for these ladders suitable localizations allow the reduction to the case of the 2-minors. From now on let Y be an one-sided ladder, and we keep the notation of Fig. 2 . We want to study the ring R,(Y), and we always assume that Y contains t-minors and t > 1. Moreover we may assume that cl 2 t and dk 2 t, since otherwise the indeterminates of the nth column or of the mth row of Y are not involved in a t-minor of Y and we may delete them. Under these hypotheses the dimensions of R, (Y) 
Let Xij E Y; we denote by Xij the residue class of Xii in R, (Y) . Note that the minor 6 = [l, . ..) t-ljl,...,t-l]andX,,areinY. ( Y) , and, by [S, Corollary 4.71, dim R,(Y) = ( B I. We conclude that B is a set of algebraically independent elements. Sincef; as an element of K [B] , is the determinant of a matrix of indeterminates, the first isomorphism is proved.
We denote by Zij the entries of the ladder Z and consider the homomorphism of rings We have seen that, after inversion off; R,(Y) becomes a factorial ring. Hence, by Nagata's theorem [4, Corollary 7 .21, the divisor class group of R,(Y) is generated by the classes of the minimal prime ideals off: In the case of the classical determinantal rings it is possible to determine the minimal prime ideals off using the ASL structure, see [2, Corollary 6 .51. In general R,(Y) need not be an ASL, and therefore we have to argue in a different way. Note that if t = 2, then f is the residue class of Xl, and we know already its minimal prime ideals, see Proposition 2.1. The natural extension to the general case is the following. Note that, when t = 2, the ideals pl, . . . , pk correspond to the ideals pl, . . . , pk defined in the second section but the ideals po, pk + 1 correspond to q1 and q; .
By construction, f E pi for all i = 0, . . . , k + 1. The ideals PO and Pk + 1 belong to the class of ideals cogenerated by one element in a ladder as defined in [S] . Now we are already to show that the ideal pi is prime for all i = 1, . . . , k. First we do that for one-sided one-corner ladders and then we deduce the result for the one-sided ladders. 
